We study a random map T which consists of intermittent maps {T k } K k=1 and probability distribution {p k,ε (x)} K k=1 . We prove existence of a unique absolutely continuous invariant measure (ACIM) for the random map T . Moreover, we show that, as ε goes to zero, the invariant density of the random system T converges in the L 1 -norm to the invariant density of the deterministic intermittent map T 1 . The outcome of this paper contains a first result on stochastic stability of intermittent maps.
introduction
Expanding maps of the interval which admit an indifferent fixed point at 0 are good testing tools for physical systems with intermittent behaviour. Pianigiani proved the existence of ACIM for a certain class of intermittent maps of the interval in [11] . Later, polynomial decay of correlations was proved for such systems independently in ( [9, 12] ). More recently, Hu and Vaienti generalized these results to general higher dimensional systems [8] .
We are interested in perturbations of intermittent maps. In particular when the indifferent fixed point persists under perturbations. Results on statistical stability of intermittent maps with perturbations of this type were obtained in [1, 2] . However, there are no results on the stochastic stability of intermittent maps when the indifferent fixed point persists under perturbations.
In this paper, we study a random map T which consists of two intermittent maps {T k } K k=1 and probability distribution {p k,ε (x)} K k=1 . We prove existence of a unique ACIM for the random map T . Moreover, we show that, as ε goes to zero, the invariant density of the random system T converges in the L 1 -norm to the invariant density of T 1 . We prove our results by using a cone technique. This cone was also used in [10] to study Ulam approximations for deterministic intermittent map.
In section 2, we present the setup of the problem. Section 3 contains the proof of the existence and uniqueness of the ACIM for the random map. Section 4 contains examples of random maps which satisfy our conditions. Section 5 contains the stochastic stability result. In section 6, we show that our random maps give rise to an interesting family of 2-dimensional non-uniformly expanding maps which admit a unique ACIM. 1] .
We assume:
Remark 2.1. To simplify the notation in the proofs, we consider that T consists of two maps T 1 , T 2 . The proofs for any finite K > 2 is similar.
We study a position dependent random map
which is understood as a Markov process with transition function
where A is any measurable set in B(I), and {p 1 (x), p 2 (x)} is a set of position dependent probabilities 1 , i.e. p 1 (x) + p 2 (x) = 1 and 0 ≤ p 1 (x), p 2 (x) ≤ 1, for any x ∈ I, and χ A is the characteristic function of the set A.
The transition function P(x, A) induces an operator E T on measures on (I, B(I)) denoted by
We say that µ is T −invariant if and only if
that is, for any measurable set A,
If µ has density function f with respect to m, then E T µ has also a density function which is defined by L T f. We obtain following by change of variables, dµ = f dm, for any measurable set A,
where P T1 and P T2 are Perron-Frobenius operators [6] associated with T 1 and T 2 respectively. Since (2.1) holds for any measurable set A, we will get an almost everywhere equality: 2
2.2.
Properties. We call L T the Perron-Frobenius operator associated with the random map T and the operator has very useful properties. The properties of L T resemble the properties of the classical Perron-Frobenius operator associated with a single deterministic map. 
2.3.
Notations and Assumptions. Finally, we set notations and assumptions that we need later in the text. For x ∈ I, k ∈ {1, 2} and partition P = {I 1 , I 2 }, I i = [a i−1 , a i ], i = 1, 2, we make the following definitions
Assumptions:
existence and uniqueness of acim
Since the random map T gives exactly two pre-images to the given x; we will adopt the convention that these are
Define
In this section we prove the following theorem:
The random map T admits a unique ACIM µ, dµ = ρdm.
(ii) The invariant density ρ is uniformly bounded below.
We prove the theorem by a series of Lemmas and propositions.
Cone. For A > 0, define
We will show that for sufficient large A the cone C A is invariant under the action of operator L T .
(ii) By f (x) ≥ 0 and decreasing, we have
then g(0) = 1 − 1 = 0 and for x ∈ [0, 1],
So, g(x) ≤ 0, x ∈ (0, 1] can be achieved from above two properties, that is
(v) First write,
Let ζ = x−y * x . In case y * = y 1 ,
Thus,
In case y * = y 2 ,
We have
In our notation, we have 0 < β < α < 1 and 0 ≤ 2y 2 ≤ 1, then (2y 2 ) β−α ≥ 1.
Proof. By Lemma 3.3, for f ∈ C A we know that L T f is decreasing . Also, L T f ≥ 0 and m(L T f ) = m(f ). Therefore we only need to prove that
f dm, 3 Note that this Lemma only requires assumption (A) to hold.
where y * = max{y 1 , y 2 } ∈ [0, 1 2 ], z * = max{z 1 , z 2 } ∈ [ 1 2 , 1]. Since our transformations T k (x) is not onto, there are two cases to talk about.
In the case 1, there is no z * . That is, we have only one pre-image to the given x. By the Lemma 3.2 (iii), we get x ≥ y * . So,
In the case 2, z * exists. From Lemma 3.2, we have f (
By the result of Lemma 3.2(iv), we attain that
Obviously, if f ∈ C A and A ≥= 4 1−α , then L n T f ∈ C A , n ≥ 1. Remark 3.5. Since C A is compact and convex, operator L T has a fixed point f * ∈ C A by Proposition 3.4 and the Schauder-Tychonoff fixed point theorem of [7] . Thus, random map T admits an ACIM .
Let µ be an ACIM for random map T. See Appendix, we know each of maps T k has a unique ACIM. Then let ν 1 and ν 1 be the unique ACIM for T 1 and T 2 
respectively. Define
So, in this case, µ(T i k B) ≤ 0, i = 1, 2, .... However this leads to a contradiction because under condition (B),
and 
Proof. First we know from Proposition 3.4, if
Without loss of generality, we suppose that m(f ) = 1 and then m(L n T f ) = m(f ) = 1. Therefore we only need to prove L n T f ≥ γ. Now, we fix a small number 0 < σ < 1 2 , such that Aσ 1−α = 1 2 . Then, When x ∈ (0, σ), we have
Then it is enough to show that L n T f (1) is bounded below away from zero. By Lemma 2.1(vi) we get L n T f (1) = L T n f (1). Define x n = T −1 (x n−1 ) ∩ [0, 1 2 ], n ≥ 1 and x 0 = 1 Obviously, {x n } is a strictly decreasing sequence and it converges to 0. Set
So, {x n } depends on ω n . We denote {x n,ωn } = {x n }(ω n ).
With the fixed σ, we can find an N such that {0, b 1 , b 2 , ..., b q } are critical points of map T ω N and
Then, for all ω N , we have
We have known that max k∈{1,2},x∈[0, 1 2 ] T k (x) = 1 2+α and f (T −1 k,1 σ) > f (σ) ≥ 
Therefore, In the following, we give the proof of Theorem 3.1
Proof. In Remark 3.5 we know the existence of ACIM for T. Next, we give the proof of uniqueness. Suppose random map T has two mutually singular ACIM µ 1 and µ 2 . From Lemma 3.6, we have I = A k ⊆ supp(µ 1 ) and I = A k ⊆ supp(µ 2 ). Therefore, I ⊆ supp(µ 1 ) ∩ supp(µ 2 ). This contradicts the mutual singularity of µ 1 and µ 2 . Thus, the random map T has a unique ACIM. From Proposition 3.7, the invariant density ρ is uniformly bounded below.
example
We present an example of the random map T which satisfies the assumptions and then it preserves an ACIM.
The term in square bracket is absolutely negative, i.e. 1 < 2 α (1 + α), ∀α ∈ (0, 1).
Whence condition (A) is satisfied, since x → T −1 1,1 x and x → T −1 2,1 x are increasing. This random map preserves an ACIM.
stochastic stability of random map
In this section we study the random map
, where g 1 (x) and g 1,ε (x) are increasing functions with g 1 ( 1 2 ) = 0, g 1,ε ( 1 2 ) = 0 and g 1 (x) > 1, g 1,ε (x) > 1. Also, p 1,ε (x) + p 2,ε (x) = 1 and 0 ≤ p 1,ε (x), p 2,ε (x) ≤ 1, for any x ∈ I. In addition to assumptions (A) and (B), we assume that
Let L Tε be Perron-Frobenius operator for random map T ε . For each 0 < ε < α, we can treat β = α − ε. From results of section 3, we know there exist a fixed point f ε of L Tε and f ε ∈ C A , for some A ≥ 4 1−α . Since C A is a convex and compact set, we can attain a subsequence
Then we write f ε k as the fixed point of L Tε k , i.e. f ε k = L Tε k f ε k . Recall that P T1 is the Perron-Frobenius operator for deterministic map T 1 . Then,
The first term on the right converges to 0 as k → ∞ by the choice of subsequence. Moreover, we have
Thus, f * = P T1 f * m−a.e. Proof. By Lemma 5.1 there is a subsequence {f ε k } ε k >0 such that f ε k L 1 −→ f * ∈ C A and µ = f * m is an ACIM for T 1 . By the uniqueness of ACIM for T 1 , then all subsequences {f ε k i } ε k i >0 of {f ε } ε>0 have f * as their common limit point. Hence, f ε − f * 1 → 0, as ε → 0.
two dimensional non-uniformly expanding map
In this section we show that our random maps give rise to an interesting family of 2-dimensional non-uniformly expanding maps which admit a unique ACIM.
Define the skew product S(x, ω) : I 2 → I 2 as in [3] .
. In our problem there are four disjoint sets U 1 , U 2 , U 3 , U 4 . Define S i = S | Ui , i = 1, 2, 3, 4.
, 1], S 4 = (T 2,1 (x), ϕ 2,x (ω)) = (x(1 + 2 β x β ), ω−p1(x) p2(x) ), U 4 = [0, 1 2 ) × [p 1 (x), 1]. We are interested in the Lyapunov exponents of skew product at the point (0, 0). Since skew product is a 2-dimensional map, we have two distinct Lyapunov exponents at each point. Define the Lyapunov exponents of skew product. Focus on the point (0, 0), then the skew product is confirmed as S = (T 1,1 (x), ω p1(x) ) and S n = (T n 1,1 (x), ω p1(x)·...·p1(T n 1,1 x) ). Then, we have DS n = T 1,1 (T n−1 1,1 x) · ... · T 1,1 (x) 0
−ω[p 1 (x)(p1(T1,1x)·...·p1(T n 1,1 x))+...+p 1 (T n 1,1 x)·(T n 1,1 x) ·(p1(x)·...·p1(T n−1 1,1 x))] [p1(x)·...·p1(T n 1,1 x)] 2 1 p1(x)·...·1(T n 1,1 x)
For convenient, we notate that λ 1 = λ(t, v 1 ) and λ 2 = λ(t, v 2 ) with v 1 = 1 0 , v 2 = 0 1 and point t = (0, 0).
Also, we know that T 1,1 (0) = 0, T 1,1 (0) = 1 and 0 < p 1 (0) < 1. So, Remark 6.2. These two exponents tell us that this map is non-uniformly expanding. Since our λ 1 = 0 at the point (0, 0), which implies that there is no expandsion or contraction in the v 1 direction at point (0, 0). By our result on the random map (Theorem 3.1) and the result of [3] , this skew product admits a unique ACIM of the form µ × m, where µ is the ACIM of the random map.
